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Insulator Boundary Layers in Magnetohydrodynamic Channels

Francis J HaLe*
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AND
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The laminar, compressible boundary layer on the insulating walls of an MHD channel is
studied for cases of equilibrium conductivity at the local gas temperature and of equilibrium

at the local electron temperature

It is found that the increase in friction and heat transfer

due to electromagnetic effects is appreciable for the former case and very large for the latter
case, for which a typical Nusselt number is about 10 times that for a normal flat-plate bound-

ary layer

Introduction

It shall be concerned in this paper with the behavior of
the boundary layers on the insulating walls of a direct-

current plasma accelerator In particular, estimates of the
influence of the electromagnetic interaction on friction and
heat transfer are desired

Important effects on these quantities are to be expected
in the insulator boundary layer, as in the electrode boundary
layer,! because it oceurs in a flow with very strong external
energy coupling, where the rate of energy addition to the
fluid depends not only on the fluid mechanical variables but
also on the electromagnetic fields In this respect, electrode
and insulator boundary layers in plasma accelerators and
magnetogasdynamic generators are quite different from
ordinary boundary layers on the external surfaces of bodies
To expand on this point, we note that in a nonconducting
gas of Prandtl number unity the boundary layer on an in-
sulated surface has uniform total enthalpy The same is
true in an electrically conducting gas, provided that the cur-
rent loops close entirely within the gas or, in other words,
provided that the electric field is zero

On the other hand, in insulator and electrode boundary
layers, the rate of energy addition to or removal from the
fluid in the boundary layer can be quite different from that
in the main flow, with the result that the total enthalpy in
the boundary layer may also be quite different from that in
the main flow, and the heat transfer and skin friction may
be greatly altered

In the insulator boundary layer, this is clearly seen in a
phenomenon sometimes referred to as “short circuiting ”
Part of the voltage applied to the electrodes of a plasma ac-
celerator is offset by the ‘“reverse electromotive force” re-
sulting from fluid motion through the magnetic field, and
part is absorbed by resistive drop in the gas  In the bound-
ary layer the reversed electromotive force is smaller, and,
if the reduction in the conductivity does not offset this
effect, a larger current density will flow there There is a
correspondingly large rate of energy addition in the boundary
layer
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This phenomenon has been considered previously by Fajy 2
for an asymptotic boundary layer in incompressible flow of
constant conductivity and by Moffatt? for both laminar and
turbulent incompressible flows with a step-varied con-
ductivity The contribution of the present work is to relax
the assumptions of incompressibility and constant condue-
tivity

The assumption of incompressibility must be relaxed be-
cause of the importance of the fluid density to the energy
coupling Since the electromagnetic forces are volumetric
forces, the fluid tends to be very strongly influenced by them
in regions of low density

The variation of the conductivity across the boundary
layer is clearly of crucial importance, since it, together with
the velocity variation, determines the variation of the cur-
rent density and hence the energy coupling We shall con-
sider two limiting types of behavior of the conductivity In
the first case, an equilibrium conductivity at the local tem-
perature and pressure is assumed Such behavior is repre-
sentative of seeded combustion gases or of seeded air In
the second case, a two-temperature model is adopted for the
plasma, as proposed by Kerrebrock * In this model, the
conductivity is strongly coupled to the current density or
to the electric field measured in the moving fluid This
greatly complicates the coupling alluded to previously

The effects of a nonzero Hall parameter (tensor con-
ductivity) will be included The axial currents due to the
presence of a Hall potential in the boundary layer induce a
cross flow, rendering the boundary layer three-dimensional

Only laminar boundary layers will be considered  Similar
solutions will be sought, and, in those situations where none
can be found, local similarity will be assumed We shall find
for the insulator boundary layer, as for the electrode bound-
ary layer, that similarity exists only for constant freestream
temperature and low Mach numbers

In defense of these two rather gross approximations, we
note that our intent is to study the new phenomena that arise
due to compressibility and variable conductivity These
are likely to be similar for both laminar and turbulent
boundary layers, and, because they are very strong effects,
they should not be too sensitive to the approximation of local
similarity

Principal Variations Across the Boundary Layer

The flow channel, magnetic field, and current are shown
schematically in Fig 1, together with the coordinate system
that will be used It will be assumed that the magnetic
and electric fields are preseribed, that the electric field is
constant in 2, and that the magnetic field is constant in y and
z The electric field will, of course, be determined by the
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Fig 1 Schematic diagram of the flow channel, showing
electrodes and insulators

voltage difference and spacing of the electrodes The mag-
netic field would be determined by the distribution of cur-
tent flow in the gas and in coils external to the channel or by
the contours of iron pole pieces We shall assume that it
does not explicitly depend on the currents flowing in the gas,
and we shall delete Ampere’s law from consideration  This
does not mean that Ampere’s law is not satisfied, but rather
that the magnetic field induced by currents flowing in the
gas plus that due to external currents equals the prescribed
field

Current Density Ratios

With the electric and magnetic fields given, the vector
current density is determined by a generalized Ohm’s law of
the form5 ¢

j=¢cE+ (VXB) - (1/ne)j X B)] M

where ¢ is the scalar electrical conductivity The first two
terms within the brackets represent the effective electric field
with respect to the moving gas, and the third term represents
the effective electric field due to motion of the electrons rela-
tive to the gas (Hall effect) Ion slip effects have been
neglected; the analysis is, therefore, applicable only to

slightly ionized gases
The freestream Hall parameter b, is defined by
bo = 07Te = 0uB/Net 2)

If an axial electric field is applied such that E, = b, (E, —
UoB), then j », the freestream Hall current, is suppressed
The absence of a transverse Lorentz force j.B results in
v = 0, and the freestream remains one-dimensional The
transverse current in the freestream is then

Jo = 0u(fly — usB) 3

Although an appropriate axial field can suppress the Hall
current in the freestream, there is still a 7, in the boundary
layer, since u, o, and b vary across the boundary layer The
1esulting Lorentz force, j.B, produces a transverse velocity
component v

If we now define the usual electromagnetic loading factor
K for the freestream as K = I,/u.B and refer j, and j, to
Jey we find

];i=i<141rb2>[b"°_<1{{{-1>x
b+<K1_1><bg;+§;>J @

]a:f, ?J<Hl—b>[<Kl—{ 1)“”“’_
(=) 0)] @

These equations show the dependence of the current densi-
ties on the nondimensional boundary-layer velocities and on
the freestream electromagnetic loading They also show
very clearly the importance of adequately describing the
variations of both the electrical conductivity and the Hall
parameter across the boundary layer The expressions used
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to describe these variations are so vital to this analysis that
they will be discussed at length in the next section

Electrieal Conductivity

In a plasma with a small amount of ionization, such that
Coulomb cross sections are negligible compared to neutral-
particle cross sections, the electrical conductivity is appropri-
ately represented as

6= e /mwy (6)

where n is the electron concentration and v is the electronic
collision frequency

As was mentioned in the Introduction, we shall consider
two limiting cases of the behavior of ¢ The first, to be
termed the “equilibrium” case, is appropriate in situations
where 7, is determined by ionization equilibrium at the local
gas pressure and temperature, and the conductivity is deter-
mined by electron-atom collisions Under these conditions,
a good representation for the conductivity is?

g-'/o—Dc = e")‘[(l/a)_l] (7)

where 0 = T,/Tyo and X = 1/2kT,

The second case, to be termed the “nonequilibrium’ case,
is that in which the energy coupling between electrons and
atoms is very weak, so that the resistive heating of the elec-
trons causes their temperature to rise considerably above
that of the gas Kerrebrock* has proposed that, at suffi-
ciently high electron concentrations, ionization equilibrium
may again be assumed, provided that it is evaluated at the
electron temperature rather than at the gas temperature
It then follows that the conductivity can be represented as a
funetion of the gas temperature and pressure and of the cur-
rent density In the present work, we shall express the
electrical conductivity by

0/0s = exp[—®(1 — 0)](jr/ja)e 8

where « and ® are constants The value of a is about 08
if the electron temperature is greater than 1 1 times the gas
temperature, and ® is about 3 for a mixture of argon and
potassium at 1 atm pressure and 3000°K  The total current
density in the boundary layer, js, is given by
jr = ljr + g1 ©)
Equation (8) is not yet in final form, since the ratio of
current densities is a function of ¢/0., Substituting Eqgs
(4) and (5) for j, and j, gives the final expression for the

electrical conductivity in the case of nonequilibrium ioniza-
tion:

el
[(1 ; bZ) [(KIf 1>2 ot <K - 1)}1<K_f§i> X
T A GO R CA N1

(10)

This expression indicates the complex interactions of the
electrical conductivity with the other flow parameters in the
presence of electron heating The exponential factor repre-
sents the effect of gas temperature on the conductivity
For a typical gas, as just described, the factor ®/(1 — «a) is
about 10, as is the factor A of Eq (7), so that the sensitivity
of ¢ to the gas temperature is about the same in the case of
electron heating as in the equilibrium case However, in
the nonequilibrium case o is also very sensitive to the magni-
tude of the electric field, as represented by the second factor
in Eq (10) It will be seen later that this coupling can lead
to very unusual boundary-layer behavior
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Hall Parameter

Since B is assumed constant, b « 1/v « T,/(TV?
For the thermal equilibrium case with the freestream as
the reference, the variation of the Hall parameter across the
boundary layer becomes simply

b/b, = OV (11)

Similarly, for the nonequilibrium case, the Hall parameter
in the boundary layer referred to that in the freestream is
given by b/b, = (T ./T)V* Ixpressing T /T . in terms
of j1/jw, we find b/be = 6(jz/J-)f, where £ is of the order of
005 Therefore, the variation with current density will be
neglected, leaving

b/be = 0 (12)

for the nonequilibrium condition

1o a first approximation, the variation of the Hall param-
eter across the boundary layers is a function only of the gas
temperature, regardless of the state of equilibrium The
variation is quite small compared with that of the electrical
conductivity, and thermal nonequilibrium increases the
sensitivity of the Hall parameter to gas temperature vari-
ations

Boundary-Layer Equations

It was noted previously that the Hall effect renders the
insulator boundary layer three-dimensional, since the Lorentz
force due to the axial current, j.B, induces a cross flow in the
y direction  In general, we should then consider the develop-
ment of this flow in the y direction as well as the develop-
ment in the x direction However, we shall assume uni-
formity in the y direction This is equivalent to assuming
that the insulators are of infinite extent in y, so that the
cross-flow boundary layer has attained its asymptotic form
Actually, of course, it is only necessary that the insulator be
several boundary-layer thicknesses wide in order that the
approximation be valid

With this assumption, the boundary-layer equations are
as follows:

Continuity

- (pu) + (pw) =0 (13)

Axial Momentum

du, ow\  dp D
”(“SJF aa>_ dz bz( >+]" (14

Lransverse Momentum

o oV o] o .
p<u =T Dz) =5 <Mgz> — J-B (15)
Energy

oH 1 0 oH
<?+ az)=ﬁa“z<“aj>+
NN Ik Y B
(1= 2) 2 [0 2 (V] s it a0

where H, the total enthalpy, is H = C,T 4+ (u® 4 v%)/2
We shall assume that the plasma is a perfect gas (so that p =
oRT), that u is proportional to T, and that C, and Pr are
constants

The boundary conditions are that at the wall (z = 0) u =
v = w = 0and H = H, and at the edge of the boundary
layer (z— ) 4 = Uo, v = 0, and H = H,,

The electromagnetic fields introduce a body force into
each of the momentum equations and additional terms into
the energy equation The latter represent the total energy
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input to the plasma, which is the sum of the dissipative
joule heating and the reversible Lorentz work In the
absence of the Hall effect (b, = 0) the transverse Lorentz
force is zero, and the boundary layer becomes two-dimen-
sional

Modified Boundary-Layer Equations

It is convenient to modify the axial-momentum equation
by noting the invariance of dp/dx across the boundary layer
Thus, dp/dz = joB — pouedeu/dz, and Eq (14) may be
written as

ou ou dte, of ou
P(“ or + wa‘) = petegy F 5z< ) + Bl de)
an)

The last term on the right-hand side shows the effect of the
variation of the current density across the boundary layer
If the current density in the boundary layer is larger than
that in the freestream, the effect is to thin the velocity
boundary layer, as does a favorable pressure gradient Con-
versely, a smaller current density in the boundary layer has
an effect analogous to that of an adverse pressure gradient
Similarly, we can eliminate E, from Eq (16) by noting that
Jolby = puiadH /dx, so that

ol oH 1 0 oH
( tw az> Pr oz < ) +

1\ o ut 4 12 . G, dH..
(1 Pr) l: Y < 2 >] T 7B pwuwj:, dx

Transformation of Boundary-Layer Equations

Let us now consider the reduction of Eqs (13-16) to ordi-
nary differential equations The transformation to be used
is that originally employed by Stewartson, modified by
Levy,” and further modified by Kerrebrock! for a freestream
flow of constant temperature This transformation requires
that = and z be replaced respectively, by

:z:fxp—l‘“’dx (19)
X0 po Ug
and
7= (u/2v%)V% 2 (20)
where
3= e f “ P g @)
Uy JO po

The subseript 0 denotes a reference point in the freestream
other than the origin, since the pressure is singular there
In this paper the reference point will normally be the channel
entrance

The dependent variables are nondimensionalized by the
following relationships:

w/ue = f' (&)
where the prime denotes differentiation with respect to 5, and
To/Tow = 0(Z,m) (H — Hu)/(Ho — Hu) = ¢(Z,1)
Defining the stream function ¢ in the usual way so that

o _»p W p

/U = 7(Z,m)

oz 00 ox Po
we find that
¥ = (Quawy) V2 V2]
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With this transformation, the boundary-layer equations
become the following:

Axial Momentum

fll/+fll+2a—,/,[laf’ fII f]

2xdu , _
- § ()]0 m

Transverse Momentum

g% ]

oF
2z du 0 jo
£/ — 2 | =

P EES S B
Energy
1 o ,of

17 _ 14

gt —ur - g d ]

L (’Y - 1)]1/[‘”2 1prrr e
<1 B Fr) T= 0+ (v =2 VI

iz net o 2_2_:% (v — HM.?
'+ <um dz ) 1= 0o+ [0y — D202~

oo ()]0 o0

It has been assumed that the freestream temperature is
constant, and the one-dimensional flow relation j.E, =
PeliodH ./dx has been used to simplify the coefficients

The temperature ratio 8 is related to the principal depend-
ent variables through the definitions of H and g¢:

0= 0,4 g1l —0u) + [(v — 1)/2IM2lg — (f)2 — r?]
(25)

The four foregoing equations and the equations for the ratios
of current density, electrical conductivity, and Hall param-
eter to their freestream values describe the flow in the in-
sulator boundary layers

The boundary conditions at the wall (n = 0) are f =
and f' = r = g = 0 At the edge of the boundary layer
(=), f'=g=1andr=20

Conditions for Similar Solutions

Similar solutions will exist if the complete set of the
boundary-layer equations and their boundary conditions
are independent of & The explicit partial differentiations
with respect to Z appearing in the momentum and energy
equations will be equal to zero if the remaining terms in each
equation are independent of £ This requires that the fol-
lowing conditions be met:

1) 6, is constant For a constant freestream tempera-
ture, this implies constancy of T, which is a reasonable
engineering condition for the most efficient use of wall
materials

2) The freestream Hall parameter b, is constant This
will be assumed, and the validity of the approximation will be
discussed in the next section

3) The electromagnetic loading factor K is constant

4) The term (2%/u.) (du../dT) is constant

These conditions are necessary but not sufficient for exact
similarity, since the freestream Mach number, which is a
funetion of « and thus &, appears in the equation for § and in
the energy equation Exact similarity will exist only if one
of the following additional conditions is met:

5) The freestream Mach number M, is zero This con-
dition is of trivial interest for an MHD device, particularly
an accelerator

6) The term [¢g — (f)?* — 7?] is inversely proportional to
the freestream Mach number M. and M. 2 > (1 — 6.)
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Numerical solutions show that the first of these conditions
is not met for the model used in this analysis

Assuming that conditions 3 and 4 can be met by an ap-
propriate choice of a freestream velocity, we see that exact
similarity exists only for the case when M., is equal to zero
As M. increases, the coefficients in the energy equation
which contain M.? increase until My ? > (1 — 6,), after
which they are constant The term involving Mach number
in the expression for 8 [Eq (25)], however, increases without
limit, and, therefore, there is not exact similarity at large
freestream Mach numbers

If the freestream Mach number varies slowly with %, the
approximation of local similarity may be useful, since then
the terms involving Of/d%, of'/0&, Or/0Z, and Og/0% may be
expected to be small

Local similarity will be assumed in this analysis The
validity of the approximation will be discussed in a subse-
quent section In the next section, a special class of free-
stream flows will be determined that satisfies condition 3
exactly and condition 4 approximately

Freestream Flow

In order to obtain similar solutions in boundary-layer
problems, it is usually necessary to constrain certain proper-
ties of the freestream flow In Ref 1, it was demonstrated
that the classical “wedge flow’” solution of Falkner and
Skan yields similar solutions at low Mach numbers for the
electrode boundary layer Unfortunately, for the insulator
boundary layers this flow does not satisfy the requirement
for a constant, freestream, electromagnetic loading  Culick,?
using the approach of Li and Nagamatsu,” was unable to
find a class of similar solutions for the insulator boundary
layer He did mention the possibility of a singular flow, and,
in faet, it is such a flow that will be used in this analysis

In the channel flow approximation, the equations govern-
ing the freestream flow with constant temperature are as
follows:

Continuity

plled = M = const (26)
Energy

dp/de = — (jo?/U0.) (27)
Total Energy

Poltho? (Uho/dz) = jE, (28)

where j., is given by Eq (3) and p = poRT.

With the definition of the loading parameter given previ-
ously, we may write £, = (K/K — 1) j./0. Eliminating
P from Eq (28) with the equation of state, we can write
the equation for the total energy as

p = RTWK/(K — DI¢

where { = j%/ 0ol (AU o /dx)

Differentiating this expression for p and equating the re-
sult to dp/dx from Eq (27) results in a differential equation
for ¢, which, when integrated, yields

sl [ ]

Here {o, My, and wu, are reference values of these variables
They will be taken as equal to the reference variables for the
similarity transformation of the preceding section and
hence will denote the variables at the channel entrance

If the freestream velocity is chosen to be of the form

Ues 2 K 12

then Eq (29) becomes { = {o(xo/x), where x, is the coordinate
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of the channel entrance Thus a solution does exist for the
freestream equations for a constant temperature and a con-
stant electromagnetic loading Note that this solution does
not specifically require o, to be constant, although the con-
stant temperature and the decrease of pressure and free-
stream current as the flow moves downstream tend to keep
¢ approximately constant

Computing the coefficient (2%/u..)(du../d¥) from these re-

sults, we find
2% du. 2 Mo \?
w, 0 ‘5[1”<m>1 @D

where Mo/M., is identical with uy/u. Equation (31), in
conjunction with the boundary-layer equations (22-24),
shows that the electromagnetic fields have little influence
in the initial growth of the boundary layers Physically,
this is due to the thinness of the boundary layers and the
large acceleration of the flow in this region It will be
assumed that (Mo/M )3 < 1, so that

(2% /ey (duie/dT) = % (32)

The analysis then does not apply to the region near the
channel entrance, in which the boundary-layer growth is
dominated by viscous effects

Freestream Variables

It is now possible to write expressions for the freestream
variables The characteristics of the flow can more easily
be seen by inverting Eq (30); then the channel length L =
x — xprequired to give a specified M, is

L =x |:exp\(—2— (IS I; 1> (AMJ—EIOZ)} - 1] (83)

where
Do _ K
O'QUQBOZ(K ant 1)2 ’y[l./[()onO'oBgz(K —_ 1)2

Ty =

xo is descriptive of the configuration and freestream per-
formance of the accelerator; the smaller the xo, the shorter
the channel length required and thus the greater the accelera-
tion The quantity x, is decreased by increasing the electro-
magnetic loading K, the entry velocity w, the electrical
conductivity, and the magnetic field or by decreasing the
pressure

For a given channel configuration and given gas properties,
the exponential term in Eq (33) shows that the largest ac-
celeration occurs in the region of the channel entrance and
decreases with increasing M. This can also be seen by
differentiating Eq (30) with respect to # and expressing it

in the form
dM. K 1
dr  \K—1/)~vM.z

The freestream electromagnetic loading factor K is an
important design parameter for an electromagnetic accelera-
tor  Physically, it represents the ratio of the total input
power to the rate of Lorentz work  [hus, the reciprocal of
K is descriptive of the electromagnetic conversion efficiency
of the accelerator As K approaches unity, the efficiency
approaches unity, but the input power approaches zero, and
the channel length becomes infinite Although, in prin-
ciple, K can be large, a practical limit appears to be in the
neighborhood of K = 2, where the joule heating and Lorentz
work are equal The probable range of interest for an ac-
celeratoris 1 < K <2

The freestream current density can be expressed as

Jo _ (o=\"P (Mo f v (K —1 s e
o <go> <M0 ey \ T ) W )

(34)
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The required transverse electric field is

E oo \V2 /M _\V2 v (K =1
7= ()7 ) oot () v -

(35)

and the input power density becomes
B M., K-1
el () e - ol o)

- = e

JaEiyo M,
The prescribed magnetic field is determined from Eq (35)
and the relation K = E,/u..B to be

E _ {50 1/2 Z_l{ﬁ 2 ] Y K —1 : . Jr g
B, <0m> <Mm> exp{ 2( X > (M % — M®
(37)

The cross-sectional flow area may be computed from the
continuity equation and the equation of state as

4_‘M° ’ :YK—'I A2 9
1, = L exp{Z < % >(JIOo Mo?) (38)

Strictly, the variation of the freestream Hall parameter
can be determined from the appropriate freestream relations;
however, we shall treat it as an independent parameter

Solution of Equations

With the approximations of local similarity and (Mo/M )3
« 1, the system of partial differential equations is reduced to
a set of ordinary differential equations with the one inde-
pendent variable  The equations can now be written as
follows:

Axial Momentum

e g . t _0 7 —
o= =5[o= g (-1)] e
Transverse Momentum

b o2l oy 0
= —fr +3|:rf +ij] (40)

Energy

"= —fa! _i (’Y_l)Mmz
g"="pr 3 Ta <1 Pr) 1= 6+ [(v — D21 2¢

[f/f/// + (f//)2 + 7‘7’” + (7.')2] + z X

(’Y - I)Mm2 ’ , _
L= 6.+ (v — D/2IM. [f g e{jm b X

) a] @

Also required for the solution of these equations are Eq
(25) for 8, Eq (7) or (10) for o/0w, Eqs (4) and (5) for 7./7«
and j,/j., and Eq (11) or (12) for b/b.,

Two plasma conditions are considered: thermal equilib-
rium and thermal nonequilibrium  For the equilibrium case,
Eqgs (7) and (11) apply, v is assigned a value of 4 correspond-
ing to a polyatomic gas, and N\ is assigned a value of 75
corresponding to cesium at 8000°K  For the nonequilib-
rium case, Eqs (10) and (12) apply, v is assigned a value
of £ corresponding to a monatomic gas, P is assigned a value
of 3 corresponding to argon seeded with potassium at
3000° K, and « is assigned a value of 0 8 corresponding to a
large degree of nonequilibrium in such a gas

The Prandtl number is taken as 07 for both thermal
equilibrium and nonequilibrium, since it is felt that the degree
of ionization is not large enough for the electrons to increase
significantly the thermal conductivity of the plasma 11-13
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Fig 2 Dependence of the boundary-layer profiles on the
electromagnetic loading parameter, K = E,/UB, for non-
equilibrium conductivity (f” is the dimensionless velocity,
# and g are the dimensionless temperature and total en-
thalpy, ¢ is the electrical conductivity, j, is the transverse
current density, and b is the freestream Hall coefficient)

The quantity 8., is assigned the value of 0 5 corresponding to
a wall temperature of 1500°K, a reasonable temperature
limit for present structural materials The remaining three
parameters, K, M, and b, are treated parametrically

Method of Solution

The system of equations was solved by numerical methods
using a forward, step-by-step integration technique on an
IBM 7090 computer The Fortran source program was
built around the GLAIDE share program,'* which uses the
Adams four-point method with an auxiliary set of starting
equations The three unknown wall conditions, f.,"’, g, and
fu', were initially guessed Using the guessed values, the
equations were integrated to the freestream and the next
trial values of the wall conditions obtained by a divided
differences technique, which is described in Appendix B of
Ref 8 This procedure was iterated until satisfactory con-
vergence was obtained at the edge of the boundary layer

Integration intervals of 0006, 001, 002, and 005 were
initially used For the remainder of the computations, 001
was selected, since it yielded results equal to those for 0 006
within four decimal places The linear interpolation tech-
nique was satisfactory for most values of the parameters
However, for K = 1333, the set of interpolation equations
became practically indeterminate as the correct wall values

Fig 3 Mach number dependence of boundary-layer pro-

files for nonequilibrium conductivity (f’ is the dimension-

less velocity, 6 and g are the dimensionless temperature and

total enthalpy, ¢ is the electrical conductivity, j, is the

transverse carrent density, b. is the fieestream Hall co-

efficient, and K = E,/UB is the electromagnetic loading
parameter)
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were approached As a result, complete convergence at the
edge of the boundary layer was not obtained, as can be
seen from the profiles in Fig 2 The wall values are believed
to be accurate to within =0 19 for all cases The accuracy
of the profiles varies in accordance with the ease of converg-
ence, but in all cases it is believed to be more than adequate
to show the qualitative behavior of the boundary layer

Results

The principal results of this study are estimates for the
coefficients of friction and heat transfer and for the electrical
characteristics of the insulator boundary layer These will
be given presently; their significance will be better appreci-
ated if the variations within the boundary layer of velocity,
temperature, conductivity, and ecurrent density are first
examined

Boundary-Layer Profiles

The boundary-layer profiles for the nonequilibrium plasma
are very unusual, largely as a result of the extreme depend-
ence of the conductivity on the magnitude of the electric
field measured in coordinates stationary in the flowing gas
The variation of this electric field across the boundary layer
is determined by the variation of flow velocity and by the
magnitude of K, the electromagnetic loading factor in the
freestream  As K is reduced, the acceleration of the free-
stream and that portion of the energy input to the freestream
devoted to joule heating are both decreased, whereas the wall
values of the current density and joule heating are in-
creased relative to their freestream values This can be
seen more clearly if we define a local electromagnetic load-
ing factor Ky as Ky = K/f' Since (K, — 1) is the local
ratio of the joule heating to the Lorentz work, the former
dominates at any point in the boundary layer where f' < K/2
This means that the joule heating will be dominant in the
region near the wall and that this region will become thinner
as K isreduced

In discussing the behavior of the nonequilibrium profiles,
it will be helpful to have expressions for the gradients of ¢

and 7, From Egs (5) and (10), we find, for b, = 0,
d B 1 . af”
n loge = <1 — a)l:fbﬁ T — f’] (42)
d_ . 1 . f//
e = (o) [ -xty] @

Thus we see that both ¢ and j, can grow or decay exponen-
tially in %, depending on the signs of the bracketed terms
The quantity ® is taken as 3 in the present work, whereas
6’ and f" would be of the same magnitude for a normal
boundary layer (in fact, equal for Pr = 1 and a highly cooled
wall) Therefore, we should expect very unusual behavior
of o and j, when K — f"isnear }

Now let us consider first the effect of variation of the load
ing parameter K on the boundary-layer profiles for M., = 1
We see from Fig 2 that for K = 2 there is a large excess of
both velocity and temperature, as well as of eonductivity and
current density These are consistent, the velocity excess
being supported by the excess of current and low density
(excess of temperature) The excess of energy in turn is
supported by the larger joule heating due to the excess cur
rent

Decreasing K to 1 333 sharpens the concentration of cur-
rent near the wall, because the ratio of the current density
at the wall to its value in the freestream is increased In
addition, the derivatives of ¢ and 7 show irregular behavior
near the value of y where K — " ~ %

As the Mach number is increased for a constant K of 2,
the extreme variations of j, and ¢ shown in Fig 3 are found
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Table 1 Over-all boundary-layer paiameters

Nu M2

UeXo 1/2
M)l/z Cf( Yo ) uoxo Mo
Conditions Yo Mz
Flat plate bo =0 033 0 66 172
Nonequilibrium | K = 2 3 58 2 62 0 22
Equilibrium M, =1 184 1 80 0 32
Nonequilibrium
M, =15]b, =0:| 3 80 129 0 48
M,=20]LK =2 3 92 072 018
be =10[K =2] 3 54 2 58 021
boe =20 M, =1 3 96 2 80 017
K. = 1333 |:bco =0 571 4 52 015
=1
Equilibrium
M=20I:bm=0 2 55 0 67 0 50
K =2
f G — e f e f
voXo voXo 12 Yoo
M 1/2 1/2
Conditions < ) (xo> < ) (xo >M° ( ) < >M°”2
Flat plate b =10
Nonequilibrium | K = 2 +2 30
Equilibrium M, =1 —0 95
Nonequilibrium
M,=15 I:bm =0 —0 80
Mo =20 K =2 —3 05
bo =10 K =2 +2 19 +0 053 —0 010
bo =20 M, =1 +2 58 +0 100 —0 018
Ko =133 [bo =0 +0 56
M, =1
Equilibrium
=20|:bm=0_l -0 97
K =2

The current density falls very near to zero over a large part
of the boundary-layer thickness for M., = 20, whereas
there is a large excess of current near the wall The region
of low current density is clearly consistent with, and sup-
ported by, the corresponding region of low temperature
The region of high current density near the wall results
from the increase of effective electric field near the wall,
where the velocity is small It will be noted that there is a
narrow region of excess current density near the freestream
for M, = 2 This is caused by a very small temperature
excess that results from viscous heating Referring again
to Eqs (42) and (43), we can correlate the regions of extreme
variation of ¢ and j, with extremes of f'/ and @’  Of course,
these extremes of '/ and 6’ are in turn supported by the large
variations of body force and joule heating which are associ-
ated with the current concentrations and voids

The effect on the nonequilibrium boundary layer of increas-
ing the Hall parameter b. is shown in Fig 4 The chief
over-all effect is to increase the dissipation The increased
joule heating leads to a larger temperature excess, with re-
sultant increases in ¢ and j, The inerease in j, then re-
sults in a larger velocity excess

In detail, the Hall effect is quite complex, as can be seen
from the profiles of the axial (Hall) current and transverse
velocity The Hall current actually reverses sign within the
boundary layer It flows in the positive sense in the outer
portion of the boundary layer because of the excess of axial
velocity there In the region near the wall, it reverses as
the axial velocity becomes small [see Eq (4)] Ttisimportant
to note that the Hall current is much smaller than j,, every-
where in the boundary layer, even for b, = 20

Similarly, the transverse velocities are small A small
flow reversal occurs near the wall for b, = 1, but the over-all
tendency is for the velocity boundary layer to respond to the
average transverse body force

For the case of equilibrium ionization, the prinecipal ques
tion to be answered is whether the depression of conductivity
near the wall, by the lowering of the temperature, is sufficient
to suppress the short circuiting tendency due to the drop in
velocity It appears from Fig 5 that this is indeed the case,
at least up to Mach numbers of 2

Over-All Boundary-Layer Properties

From these boundary-layer profiles we can derive estimates
for several parameters of engineering significance These
are the Nusselt number, coefficient of friction, displacement
thickness, and a parameter that measures the excess trans-
verse current in the boundary layer Estimates for these
parameters are tabulated in Table 1  In the upper portion
of the table, a standard case, for which M, = 1, K = 2,
b. = 0, is compared with the usual high-speed boundary
layer on a flat plate In the lower portions, the variations
with each of the parameters are given

The Nusselt number Nu is defined®® as Nu = ¢, 2/ko(Tw
T.), where g, the rate of heat transfer to the wall, is given
by ¢w = —k.(0T/d2)., and k,, is the coefficient of heat trans-
fer at the wall  In terms of the transformed variables,

i Lo ()T
[(uoze) /vo 21/ MoY2) — 0,(1 — 6.) [ 29 Mo \K — 1 b
(44)
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Fig 4 Dependence of the boundary-layer profiles on the
freestream Hall coefficient, b., for nonequilibrium con-
ductivity (f’ is the dimensionless velocity, § and g are the
dimensionless temperature and total enthalpy, ¢ is the
electrical conductivity, and j, is the transverse current
density) The bottom figures show the dependence of the
three-dimensional boundary-layer profiles on the free-
stream Hall parameter b, (j: is the longitudinal Hall cur-
rent, and r is the transverse dimensionless velocity compo-
nent)

Thus, there is the normal proportionality between the
Nusselt number and the square root of the Reynolds num-
ber, with 1/M,'/? representing the variation of the latter
with £ It must be remembered, however, that the right
side of Eiq (44) also varies with £ For M, = 05, the non-
equilibrium Nu/(uexo/ve)V? is a factor of 10 larger than that
for a comparable nonelectromagnetic boundary layer It is
somewhat smaller for the equilibrium case, but still much
larger than for a normal boundary layer In both cases,
it increases with increasing M. The lower portion of Table
1 shows a slight decrease of the Nusselt number as b, is in-
creased to 1, followed by an increase as b, goes to 2 The
largest value of the Nusselt parameter occurs for the non
equilibrium case for a K of 1 333

The axial friction coefficient is defined in the normal man-
ner as C; = 7./%ouu=? where 1, = u, us(df'/32)» After
transformation, we find

C 1 (ugTo/vo) V2 6 K 1z
! M::uzo = [m <K — 1>:| fo'’ (45)

As shown in Table 1, the values are somewhat higher than
the usual values for a nonelectromagnetic boundary layer
for M, = 1 but decrease as M., increases This is because
in the present model the freestream acceleration decreases
with increasing M, The variations with b. and K are
similar to those already seen in the Nusselt parameter

Table 2 Comparison of terms neglected under local
similarity assumption®

2 (v — DM
31~ 6u+ (v — D/2IM.2

(f’g - HJ..—”

X
2£(f'gg_g’_a_f
7

o% ox Jo
06 —0 0487 —2 1096
10 —0 3720 —0 2775
20 —0 6117 40 2107
2 For thermal nonequilibrium b, = 0 K =2 M =2
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Fig 5 Mach™number dependence of boundary-layer pro-
files for equilibrium conductivity (f’ is the dimensionless
veloeity, # and g are the dimensionless temperature and
total enthalpy, ¢ and j, are the conductivity and trans-
verse current, b, is the freestream Hall coefficient, and
K = E,/UB is the electromagnetic loading parameter)

By“qombining Eqgs (44) and (45), a Reynolds’ analogy be-
tweenfthe heat¥transfer and the axial skin friction may be
developed:

Nu _ I: 1 ] 0"
Cr(ugve/vo) Mo/Mo) [ 20,1 — 0,) | f.”

The usual definition of the displacement thickness is

a*:f (1— ’”‘)dz
0 Pl

from which, in terms of 7,

(Voxo/uo)”f:x/xg)MoW - [% vMe (%‘1>:|1/2X
fow (6 — f)dn (46)

From Table 1 it can be seen that, even though the over-all
thicknesses of the insulator boundary layers are larger than
those for nonelectromagnetic flows, the displacement thick-
ness is less  This is due to the regions of excess velocity

The magnitude of the average of the excess transverse
current in the boundary layer is of interest as a measure of
the short circuiting effect on the accelerator It can be ex-
pressed as

K

j;m0<%—1>dn (47)

For the average of the excess axial (Hall) current, we find

f Jodz
0 _ [ 2 oy (E-1\]"
Folae/u) o) M~ |3 T\ K

f 977 dy  (48)
0 Jo

The magnitudes of these average currents do not appear to
warrant concern over short-circuiting Tt should be noted
that the transverse current decreases slightly and then in-
creases as b, is increased to 2, and that the axial current in-
creases with b., as would be expected

The average of the transverse, or cross flow, velocity in the
boundary layer can be determined from the expression

fo“’ G = [2 <K - 1>]1/2 N

Foolvoio/ue) V2(x/20) Mot? 3 v
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vdz
[ (S
[ ~yM., % X

U (rota/ ) PM P (z /o) |3
f fdn (49)
0

As was noted during the discussion of the profiles, it is quite
small for the cases considered here

Validity of Principal Assumptions

The assumption of local similarity resulted in the elimina-
tion of all terms in Eqs (22-24) containing an explicit vari-
ation with & Tt is now necessary to estimate the effects of
neglecting these terms on the numerical results Since the
greatest variations with M., occurred in the enthalpy funec-
tion g, the neglected terms in Eq (24) were selected for evalu-
ation for the conditions of thermal nonequilibrium, 4. =
0,K = 2,and M, = 2 With the neglected terms expressed

as
dg of 2 dg of
A p2d o 2V P ’ Y A
zx(f s 7 bx) 3 M‘”( oM. ~ ¥ am,

they can be computed from the results obtained assuming
local similarity In Table 2, the magnitudes are shown at
three points in the boundary layer where the greatest changes
with M, occur  Also shown are the magnitudes of the last
term in Eq (24), which represents the sum of enthalpy flux
in the z direction and the input-energy flux At all three
points the neglected terms tend to make g’/ more negative,
thus accentuating the sharp reduction in the magnitude of the
profiles and inhibiting the subsequent return to the free
stream values It appears, therefore, that the terms neg-
lected by the local similarity assumption would not eliminate
the unusual behavior of the profiles if they were included

The neglect of ion-electron collisions and the assumption
of slight ionization in developing the expressions for electrical
conductivity warrant discussion, in view of the regions of
excess temperature and excess current which have been ob
tained for the case of thermal nonequilibrium Ton-electron
collisions would tend to reduce the magnitude of «, so that
the excesses of current density and conductivity are probably
overestimated Similarly, diffusion would tend to reduce
the magnitudes of the peaks

The other major assumption in the nonequilibrium con-
ductivity was that of a constant « and @ In fact, @ is a
function of the gas temperature and approaches unity for
large current densities and low gas temperatures This
combination can be seen near the wall as M, is increased
(Fig 3) Equation (10) indicates a possibility of instability
under these conditions, and thus it appears that the as
sumption of a constant « may mask potential instabilities in
the boundary layer

Conclusions

In general, it can be concluded that the behavior of the
insulator boundary layer can be complex indeed, particularly
if nonequilibrium effects couple the gas conductivity to the
current density The effects of compressibility are im
portant at high Mach numbers ~ Furthermore, the boundary-
layer properties are sensitive to relatively small variations of
Mach number, Hall parameter, and electromagnetic loading
It appears, therefore, that care must be exercised in the selec-
tion of profiles for integral solutions

For the nonequilibrium case there are large current con-
centrations that increase the wall shear to three or four
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times and the heat transfer to 10 times their values for nor-
mal boundary layers However, the magnitudes of the
average current are such that the electrical losses due to short-
ing do not appear excessive The results show a marked
decrease in the losses with increasing Mach number The
general effect of increasing the Hall parameter is to increase
the average current in the boundary layer, leading to thinner
boundary layers, increased heat transfer and wall shear,
and increased electrical losses The Hall current and trans-
verse velocity, although increasing with the Hall parameter,
are small relative to the freestream current and velocity

The equilibrium results show that the reduction in con
ductivity in the boundary layer more than compensates for
the excess electric field in the boundary layer and so suppresses
the shorting effect  For both types of plasma, the displace-
ment thickness is much less than that for the boundary layer
on a flat plate

The very complicated velocity profiles, with many inflec
tion points, suggest the possibility of hydrodynamie instabili-
ties In addition, the current concentrations near the wall
indicate the possibility of electrical instabilities in the non-
equilibrium case The rapid variation of the profiles with
M, casts doubt on the validity of our assumption of local
similarity ~ All of these points require further study We
hope that the present study will suggest possibilities for
additional analyses and, perhaps more important, emphasize
the need for definitive experiments on insulator boundary
layers
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